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1. Show that:

i) (σ̄µ)α̇α ≡ εαβεα̇β̇σµ
ββ̇

=
(
1,−σi

)
ii) (σµ)αβ̇ (σ̄µ)γ̇δ = 2 δδα δ

γ̇

β̇

iii) (σµσ̄ν + σν σ̄µ)βα = 2 ηµνδβα

iv) tr(σµσ̄ν) = 2 ηµν

v) if Vµ is a vector and Vαα̇ = σµαα̇Vµ, then V µ = 1
2
(σ̄µ)α̇α Vαα̇

vi) χ̄α̇(σ̄µ)α̇αψα = −ψασµαα̇χ̄α̇

vii) ψαχ̄α̇ = 1
2
(σµ)αα̇ (ψσµχ̄)

Note: this last part makes explicit the decomposition (1
2
, 0)⊗ (0, 1

2
) = (1

2
, 1
2
).

2. Under a Lorentz transformation, a vector Xµ transforms as Xµ → Λµ
νX

ν . The corre-

sponding bi-spinor Xαα̇ = σµαα̇Xµ transforms as X → SXS†. Show that

Λµ
ν [S] =

1

2
tr
(
σ̄µSσνS

†)
Note: this provides an explicit map from SL(2,C) to SO(1, 3).

3. Under an SL(2,C) transformation, ψα → S β
α ψβ. Show that:

i) (S−1) α
β = εαγS λ

γ ελβ

ii) ψα = εαβψβ transforms as ψα → ψβ(S−1) α
β

iii) ψχ = ψαχα is an SL(2,C) scalar.

iv) ψXχ̄ is an SL(2,C) scalar, where Xαα̇ = σµαα̇Xµ transforms as in Question 2.
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4. Show that σµν = i
4
(σµσ̄ν − σν σ̄µ) satisfies the Lorentz algebra,

[σµν , σρσ] = i (ηνρσµσ − ηνσσµρ + ηµσσνρ − ηµρσνσ)

Hint: you may find it useful to first rewrite: σµν = i
2
(ηµν − σν σ̄µ).

5. Use the fact that

(σµν) β
α (σµν)

δ
γ = εαγε

βδ + δδαδ
β
γ

to show that

ψαχβ =
1

2
εαβψχ+

1

2
(σµνεT )αβ(ψσµνχ)

Note: This provides an explicit decomposition of the tensor product (1
2
, 0) ⊗ (1

2
, 0) =

(0, 0)⊕ (1, 0).

6. Prove the Fierz identities:

i) (θψ)(χ̄η̄) = −1
2
(θσµη̄)(χ̄σ̄µψ)

ii) (ψσµψ̄)(ψσνψ̄) = 1
2
ηµν(ψψ)(ψ̄ψ̄)

7a. Differential operators on superspace are defined by

Pµ = −i∂µ , Qα = −i∂α − σµαα̇θ̄α̇∂µ , Q̄α̇ = +i∂̄α̇ + θασµαα̇∂µ

where ∂µ = ∂/∂xµ, ∂α = ∂/∂θα and ∂̄α̇ = ∂/∂θ̄α̇. Show that these provide a representation

of the supersymmetry algebra

{Qα, Q̄α̇} = 2σµαα̇Pµ

together with {Qα,Qβ} = {Q̄α̇, Q̄β̇} = [Pµ,Pν ] = 0.

b. Two further differential operators are defined by

Dα = ∂α + iσµαα̇θ̄
α̇∂µ , D̄α̇ = −∂̄α̇ − iθασµαα̇∂µ

Show that {Dα,Dβ} = {D̄α̇, D̄β̇} = 0 and that

{Dα,Qβ} = {Dα, Q̄β̇} = {D̄α̇,Qβ} = {D̄α̇, Q̄β̇} = 0

Show also that

{Dα, D̄α̇} = 2σµαα̇Pµ

c. If yµ = xµ + iθσµθ̄, show that D̄α̇yµ = 0.
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8. A complex, scalar superfield has the component expansion

Y (x, θ, θ̄) = φ(x) + θαψα(x) + θ̄α̇χ̄
α̇(x) + θ2M(x) + θ̄2N(x)

+ θασµαα̇θ̄
α̇Vµ(x) + θ2θ̄α̇λ̄

α̇(x) + θ̄2θαρα(x) + θ2θ̄2D(x)

and transforms as δY = i(εQ + ε̄Q̄)Y . Show that the top and bottom component fields

transform as

δφ = εψ + ε̄χ̄

δD =
i

2
∂µ(εσµλ̄− ρσµε̄)

[Optional] If you have the energy, further show that

δψ = 2εM + (σµε̄)(i∂µφ+ Vµ) , δχ̄ = 2ε̄N − (εσµ)(i∂µφ− Vµ)

δM = ε̄λ̄− i
2
∂µψσ

µε̄ , δN = ερ+ i
2
εσµ∂µχ̄

δVµ = εσµλ̄+ ρσµε̄+ i
2

(∂νψσµσ̄νε− ε̄σ̄νσµ∂νχ̄)

δλ̄ = 2ε̄D + i
2
σ̄νσµε̄ ∂µVν + iσ̄µε ∂µM , δρ = 2εD − i

2
σν σ̄µε ∂µVν + iσµε̄ ∂µN

Warning: this calculation is somewhat laborious. You will need to use the Fierz identity,

the fact that θαθβ = −1
2
θ2εαβ, and the identity from part vii) of Question 1.

9*. For a chiral superfield Φ, show that∫
d4x d4θ Φ†Φ =

∫
d4x

[
∂µφ

†∂µφ− iψ̄σ̄µ∂µψ + F †F
]

Show that ∫
d4x d2θ W (Φ) =

∫
d4x

(
F
∂W

∂φ
− 1

2

∂2W

∂φ2
ψψ

)

10*. Show explicitly that the Wess-Zumino action

S =

∫
d4x

[
∂µφ

†∂µφ− iψ̄σ̄µ∂µψ −
∣∣∣∣∂W∂φ

∣∣∣∣2 − 1

2

∂2W

∂φ2
ψψ − 1

2

∂2W †

∂φ† 2
ψ̄ψ̄

]

is invariant under the supersymmetry transformations

δφ =
√

2εψ and δψ =
√

2iσµε̄ ∂µφ−
√

2ε
∂W †

∂φ†
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