Supersymmetry: Example Sheet 1

David Tong, January 2022

1. Show that:
i) (oH)ee = 60‘56‘5‘50‘5‘6 = (1,—-0)
1) (), (0,7 = 20361
iii) (oto” + ovo")B = 2n P

iv) tr(o*a”) =2n
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2. Under a Lorentz transformation, a vector X* transforms as X* — A* X". The corre-
sponding bi-spinor X, = o, X, transforms as X — SX St. Show that

Note: this last part makes explicit the decomposition (1,0) ® (0, 3) = (

D=
N[

Y

1
A S] = 3 tr (6" S0, 57)
Note: this provides an explicit map from SL(2,C) to SO(1,3).
3. Under an SL(2,C) transformation, 1, — S,¢5. Show that:

i) (S71)5 = €S Mexs

)
ii) ¥ = e*Pyz transforms as Y* — 7(S7)
iii) 1x = ¥*Xq is an SL(2, C) scalar.

)

iv) ¢ X is an SL(2, C) scalar, where X, = 0%, X, transforms as in Question 2.



4. Show that 0" = ;(o"5" — 0¥5") satisfies the Lorentz algebra,
[0, 0P°] = i (0Po™® — "o + o gP — ptPgtO)
Hint: you may find it useful to first rewrite: o = Z(n" — o”a*).
5. Use the fact that
(Uw)aﬂ(gw)v& = €ar€” + 5255

to show that

1 1,
YaXs = SCaptX + 5(0“ €")ap (V0 X)

Note: This provides an explicit decomposition of the tensor product (3,0) ® (3,0) =
(0,0) & (1,0).

6. Prove the Fierz identities:
i) (0v)(x7) = —5(00"7)(XG,%)
it) (Vo) (Ya’y) = gnt () ()

7a. Differential operators on superspace are defined by
P, =—i0,, Qn=—i0,— 0,0, , Qs= +i0s+0%".0,

where 9, = 9/0z*, 0, = /00 and 9; = 9/96%. Show that these provide a representation
of the supersymmetry algebra

{Q.a, Qa} = QUZaPu
together with {Qq, Qs} = {Qa, Q4} = [Pu, P] = 0.
b. Two further differential operators are defined by

Dy = 0o + 0,00, , Ds=—04 — 00" ,0,
Show that {D,, Ds} = {Ds, D3} = 0 and that
{Da: Qs} = {Das Qp} = {Das, Qs} = {Da, Q3} = 0

Show also that

{Da, Da} = 200, P,

c. If y* = a2* 4 ifo*f, show that DayH = 0.



8. A complex, scalar superfield has the component expansion

Y(2,0,0) = ¢(z) + 0"a(z) +

+0ax"
+ 00" 0%V, (z) + 6

+ 0> M (z) + 0N ()
(x

‘(z)
2050 (2) + 020% po () + 026° D ()

and transforms as 0Y = i(¢Q + €Q)Y. Show that the top and bottom component fields
transform as

0p = e+ €y
0D = %(%(60”5\—,00“6)

[Optional| If you have the energy, further show that

0 =2eM + (0#€) (10,0 +V,) , 0x = 2eN — (eo*)(i0,9 — V),)
OM = el — 58“/10 € , ON=¢p+ %ea“@u)’(
0V, = €ou A + po €+ % (0"Yo,5,€ — €0,0,0"X)
S\ = 2eD + %6”0“6@6% +ioted,M , Op=2eD — —0 Yoted,V, + ic"€0,N

Warning: this calculation is somewhat laborious. You will need to use the Fierz identity,
the fact that 9°0° = —%6260‘5 , and the identity from part vii) of Question 1.

9*. For a chiral superfield ®, show that

/ d*z d*9 TP = / d'z [0,0'0"¢ — ipo" 0, + F'F]

/d4az d*0 W(®) = /d4x <F%—Z - %a;ég ww)

10*. Show explicitly that the Wess-Zumino action

Show that
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.
is invariant under the supersymmetry transformations

8¢ =V2ep and i = \/ﬁia“éaugb — ﬁe%



